Computers and Chemical Engineering 90 (2016) 136–150

Contents lists available at ScienceDirect

Computers and Chemical Engineering
journal homepage: www.elsevier.com/locate/compchemeng

A framework for multi-stakeholder decision-making and conﬂict
resolution
Alexander W. Dowling a,∗ , Gerardo Ruiz-Mercado b , Victor M. Zavala a
a

Department of Chemical and Biological Engineering, University of Wisconsin, 1415 Engineering Dr, Madison, WI 53706, USA
Ofﬁce of Research and Development, National Risk Management Research Laboratory, U.S. Environmental Protection Agency,
26 West Martin Luther King Drive, Cincinnati, OH 45268, USA
b

a r t i c l e

i n f o

Article history:
Received 18 February 2016
Received in revised form 23 March 2016
Accepted 30 March 2016
Available online 9 April 2016
Keywords:
Multi-stakeholder
Multiobjective
Optimization
Pareto optimality
Compromise
Conditional value-at-risk

a b s t r a c t
We propose a decision-making framework to compute compromise solutions that balance conﬂicting
priorities of multiple stakeholders on multiple objectives. In our setting, we shape the stakeholder dissatisfaction distribution by solving a conditional-value-at-risk (CVaR) minimization problem. The CVaR
problem is parameterized by a probability level that shapes the tail of the dissatisfaction distribution. The proposed approach allows us to compute a family of compromise solutions and generalizes
multi-stakeholder settings previously proposed in the literature that minimize average and worst-case
dissatisfactions. We use the concept of the CVaR norm to give a geometric interpretation to this problem
and use the properties of this norm to prove that the CVaR minimization problem yields Pareto optimal
solutions for any choice of the probability level. We discuss a broad range of potential applications of the
framework that involve complex decision-making processes. We demonstrate the developments using a
biowaste facility location case study in which we seek to balance stakeholder priorities on transportation,
safety, water quality, and capital costs.
© 2016 Elsevier Ltd. All rights reserved.

1. Introduction
The design and control of engineering systems is a complex
decision-making process in which multiple conﬂicting objectives
of social, economic, and environmental nature must be taken into
account. Multiobjective optimization techniques have been applied
to many domains in chemical engineering which include separations (Leipold et al., 2009; Saﬁkhani et al., 2011), crystallization
(Sarkar et al., 2007), chromatography (Zhang et al., 2002; Nagrath
et al., 2005; Lee et al., 2008), control system tuning (HalsallWhitney and Thibault, 2006), and chemical reactors (Silva and
Biscaia, 2003; Yee et al., 2003; Logist et al., 2009; Sankararao and
Gupta, 2007; Mitra et al., 2004; Bhaskar et al., 2000; Immanuel
and Doyle, 2003). In such settings engineers seek to understand
the trade-offs in technology performance metrics such as purity,
recovery, operating cost, and yield. In addition, there has been
interest in balancing economic and environmental metrics using
life cycle assessment methods to integrate process and enterprisewide functions (Jimenez-Gonzalez and Woodley, 2010; Diwekar,
2003; Hanes and Bakshi, 2015; Al-Sharrah et al., 2001; Yue et al.,
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2014; Grossmann, 2010). Applications include integrated bioreﬁneries and supply chains (Andiappan et al., 2015; Bairamzadeh
et al., 2016; Bernardi et al., 2013; Čuček et al., 2013; Gebreslassie
et al., 2013; Geraili and Romagnoli, 2015; Giarola et al., 2011;
Gutiérrez-Arriaga et al., 2014; Liew et al., 2015; Nguyen et al., 2015;
Pedraza-Segura et al., 2013; Santibanñez-Aguilar et al., 2013; Wang
et al., 2013; You and Wang, 2011; You et al., 2011; Yue et al.,
2014), industrial facility location problems (Lira-Barragan et al.,
2011), balancing fresh water consumption, greenhouse gas emissions and/or waste water pollutants (Prihatin et al., 2013; Eslick
and Miller, 2011; Gebreslassie et al., 2013), design of water management and treatment networks (Rojas-Torres et al., 2015; Tudor and
Lavric, 2011; Zhang et al., 2014), ecology/pollutant management
(Burgara-Montero et al., 2013; Santibanñez-Aguilar et al., 2013;
Diwekar and Shastri, 2010; Singh and Lou, 2006), and molecular
design (Papadopoulos and Linke, 2006).
From our perspective, there are two fundamental problems
that must be addressed in multiobjective optimization: dimensionality and ambiguity. While there exist computationally efﬁcient
strategies to compute elements of the Pareto set (such as the
normal boundary intersection method (Das and Dennis, 1998; Jia
and Ierapetritou, 2007; Logist et al., 2009)) it is well-known that
these strategies become computationally intractable in settings
with many objectives. This poses a limitation in modern studies,
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which must trade-off many metrics. For instance, a recent study
by the U.S. Environmental Protection Agency (EPA) identiﬁed over
a hundred metrics that can be used for evaluating different system designs (Ruiz-Mercado et al., 2012). Limitations associated to
dimensionality might explain why the vast majority of multiobjective optimization studies reported in the literature are limited to
two or three conﬂicting objectives (Gebreslassie et al., 2012; Logist
et al., 2009; Tudor and Lavric, 2011; You and Wang, 2011; Zhong
and You, 2011; Lee et al., 2008; You et al., 2011). Dimensionality
reduction techniques are often used to address settings with many
objectives (Brunet et al., 2012; Čuček et al., 2013; Diaz-Alvarado,
2015; Guillén-Gosálbez, 2011; Vaskan et al., 2014; Zilinskas et al.,
2006).
From an ambiguity standpoint, it is important to realize that
stakeholders have biased opinions and perceptions that will inﬂuence their ﬁnal decision (i.e., which Pareto point to select or how
to prioritize objectives). Stakeholders will also tend to disagree
with others (Smith and Ruiz-Mercado, 2014; Mendoza and Prabhu,
2000; Dyer and Forman, 1992; Guillén-Gosálbez and Grossmann,
2009; Bakshi and Fiksel, 2003; El-Halwagi et al., 2013; Bamuﬂeh
et al., 2013; Zavala, 2016). For example, from an environmental
policy-making point of view, the process of designing a new regulation that fulﬁlls the priorities of all the stakeholders affected
is a daunting task. This topic is rarely discussed in multiobjective optimization studies. The ultimate goal in a multi-stakeholder
decision-making setting is to make a ﬁnal decision that reaches a
form of consensus (i.e., a compromise solution). Ideally, such a decision should be Pareto efﬁcient in the sense that it represents a true
trade-off between conﬂicting objectives and stakeholder priorities.
In other words, an inefﬁcient decision is one in which it is possible
to improve one or more objectives without affecting the others or
beneﬁt one or more stakeholders without affecting the others.
In the presence of many conﬂicting objectives, one can obtain
compromise solutions without computing the entire Pareto set. A
popular strategy for doing this is the VIKOR method (Opricovic and
Tzeng, 2004). This method has been used in several applications
such as water resource planning and building design (Opricovic,
2009; Iwaro et al., 2014). The method generates multiple decision alternatives with different attributes (i.e., values for conﬂicting
objectives). For each alternative the distance to the utopia point is
evaluated (the utopia point is the ideal unreachable point where
all the objectives are independently minimized). The alternatives
are then ranked based on their distance to the utopia point. The
TOPSIS method is a popular approach used to determine compromise solutions (Boran et al., 2009). This approach ﬁnds a decision
by ranking alternatives in a way that minimizes the distance to the
utopia point and that maximizes the distance to the nadir point
(the nadir point is the point of worst objective values).
Neither the VIKOR nor the TOPSIS method capture the preferences of multiple stakeholders. The distance-based consensus method
provides a mechanism to do this (González-Pachón and Romero,
1999). The idea is to construct alternatives that different stakeholders rank according to their own priorities. A ﬁnal ranking is then
selected that minimizes a disagreement metric, which measures
the distance between the ﬁnal ranking and the rankings provided
by the stakeholders. This method provides a framework to capture the priorities of multiple stakeholders, but does not provide a
formalism to construct alternatives. Moreover, in this setting the
stakeholders lack of a quantiﬁable metric to rank alternatives and
this can lead to ambiguity.
An interesting multi-stakeholder decision-making approach
was recently presented in Smith and Ruiz-Mercado (2014). Here,
the authors assume that stakeholders are polled to provide priority
rules to be followed. From these rules, a unique set of weights that
satisfy such rules is computed and these weights are then used to
obtain a compromise solution. A disadvantage of this approach is
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that it can yield situations in which no unique feasible set of weights
can be obtained that satisfy all of the stakeholder rules. In addition,
this approach does not quantify how dissatisﬁed are stakeholders
with a given compromise decision.
A key limitation of the multi-stakeholder approaches available
in the literature is that they lack socio-economic and statistical
foundations. Consequently, it is difﬁcult to quantify how satisﬁed
are stakeholders with a given decision, and how representative are
the stakeholder opinions of those of the entire population. This
is relevant in the context of sustainability where a large number
of stakeholders, potentially spread over in geographical regions
(e.g., communities, local/regional governments, industries) need
to be taken into account. In Zavala (2016), we presented a framework for multi-stakeholder optimization based on the concept of
the conditional-value-at-risk (CVaR). In this setting, we sample the
preferences of a population of stakeholders in terms of weights
that prioritize competing objectives. We then construct dissatisfaction functions as deviations from the stakeholder ideal solutions
and note that the dissatisfactions can be interpreted as samples
from a stakeholder population. Finally, we shape the dissatisfaction
distribution by solving a CVaR minimization problem parameterized in the probability level. The CVaR framework generalizes
multi-stakeholder optimization approaches in which compromise
decisions are obtained by minimizing average and worst-case dissatisfactions (Dyer and Forman, 1992; Hu and Mehrotra, 2012).
A key advantage of this approach is that it does not require the
computation of the Pareto set and thus can be used to address
problems with many objectives and stakeholders. Moreover, the
compromise solutions obtained from CVaR have practical statistical
interpretations. In this work, we formalize the CVaR framework by
proving that every solution of the CVaR minimization problem is a
Pareto optimal solution of the original multiobjective optimization
problem. We prove this result by exploiting properties of the socalled CVaR norm, which provides a geometric interpretation to the
CVaR metric used in stochastic programming. We discuss different
decision-making settings under which the CVaR framework can be
used. In addition, we provide numerical examples and a biowaste
facility location study to illustrate the applicability of the framework and to discuss interpretations of the resulting compromise
solutions.
The paper is structured as follows. In Section 2 we provide basic
deﬁnitions while in Section 3 we describe the CVaR framework and
establish Pareto optimality results. In Section 4 we discuss potential applications and provide numerical examples. In Section 5 we
present a biowaste facility location case study. The paper closes in
Section 6 with conclusions and directions for future work.
2. Basic deﬁnitions
We deﬁne the decision variable vector x ∈ Rnx and we assume
this to lie in the feasible set X ⊆ Rnx which we in turn assume
to be compact and nonempty. We consider n objective functions
fi : X → R for i ∈ O:={0, . . ., n − 1} and the corresponding objective vector f(x) := (f0 (x), f1 (x), . . ., fn−1 (x)). We assume that the
objective functions remain bounded in X. We deﬁne the multiobjective optimization (MOO) problem,
min (f0 (x), f1 (x), . . ., fn−1 (x)).
x∈X

(2.1)

Throughout the paper, we assume that the minimization operand
implies global minimization. We assume that the objective functions have been scaled so that their values lie in the interval [0, 1].
This can be done by using the coordinates of the utopia and nadir
points as follows. We deﬁne,
f i :=min fi (x),
x∈X

i ∈ O,

(2.2a)
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Fig. 1. Sketch of multiobjective setting (left) and of multi-stakeholder setting (right).

xi :=argmin fi (x),
x∈X

i ∈ O.

(2.2b)

Here, the coordinates of the utopia point are given by f i while those
of the nadir point are given by:
f i := max{fi (x0 ), fi (x1 ), . . ., fi (xn−1 )},

i ∈ O.

(2.3)

fi (x) − f i
fi −fi

,

i ∈ O.

(2.4)

i ∈ O.

(2.5)

The multiobjective optimization setting is illustrated in Fig. 1. We
use the following standard deﬁnitions of weak Pareto optimality
and Pareto optimality (Miettinen, 1999):
Deﬁnition 1 (Weak Pareto Optimality). A decision x* with objectives fi (x∗ ), i ∈ O is a weak Pareto solution of MOO if there does not
exist an alternate solution x with objectives fi (x), i ∈ O satisfying
fi (x) < fi (x∗ ) for all i ∈ O.
Deﬁnition 2 (Pareto Optimality). A decision x* with objectives
fi (x∗ ), i ∈ O is a Pareto solution of MOO if there does not exist an
alternate solution x with objectives fi (x), i ∈ O satisfying fi (x) ≤
fi (x∗ ) for all i ∈ O and at least one index i satisfying fi (x) < fi (x∗ ).
Any Pareto solution of MOO is a weak Pareto solution. To see
this we consider the following contradiction: assume x* is a Pareto
solution, and thus no alternate decision x exists such that fi (x) ≤
fi (x∗ ) for all i ∈ O and fi (x) < fi (x∗ ) for at least one index i. If, in
addition, we assume that x* is not weak Pareto, then there exists
an alternate decision x such that fi (x) < fi (x∗ ) for all i ∈ O. This is
a contradiction and thus x* must be a Pareto and a weak Pareto
solution.
The set of all Pareto solutions for MOO is known as the Pareto set.
There are different methods that can be used to compute elements
of the Pareto set, such as the weighting method. The results associated to this method will become relevant in the following sections.
Consider a weight vector w ∈ Rn . We deﬁne the elements of w as
wi and we assume that these satisfy the condition:
wi ≥ 0,



i ∈ O,

wi = 1.

(2.6a)
(2.6b)

i∈O

In some cases, we will require the weights to satisfy the stronger
condition:
wi > 0,

i ∈ O,

(2.7b)

Consider now the weighted problem:
min wT f(x).

(2.8)

The solutions of this problem satisfy the following property.
Proposition 1.

We can prevent visiting regions beyond the nadir points (of no
interest) by imposing the constraints:
0 ≤ fi (x) ≤ 1,

wi = 1.

i∈O

x∈X

We scale the objectives as,
fi (x) ←



(2.7a)

Let x* be a solution of the weighted problem (2.8).

(i) If the weight vector w satisﬁes (2.6a), then x* is a weak Pareto
solution of MOO.
(ii) If the weight vector w satisﬁes (2.7a), then x* is a Pareto solution
of MOO.
Proof. Because x* is optimal for (2.8) we have that wT f(x) ≥ wT f(x* )
for all x ∈ X. For (i) assume now that x* is not a weak Pareto
solution. From Deﬁnition 1, there exists an alternative x ∈ X such
that fi (x) < fi (x∗ ) for all i ∈ O. We thus have that wT f(x) < wT f(x∗ )
for any weight vector w satisfying (2.6a). From the optimality of
x* , alternative x cannot exist and we thus have a contradiction.
Consequently, x* must be a weak Pareto solution. To establish
(ii) assume now that x* is not a Pareto solution. From Deﬁnition
2, there exists an alternative x ∈ X such that fi (x) ≤ fi (x∗ ) for all
i ∈ O and fi (x) < fi (x∗ ) for at least one i ∈ O. We thus have that
wT f(x) < wT f(x∗ ) for any weight vector w satisfying (2.7a). From
the optimality of x* , alternative x cannot exist and we thus have a
contradiction. Consequently, x* must be a Pareto solution. 䊐
We note that the nadir point is obtained by computing worstcase values resulting from the determination of the utopia point,
as in (2.2) and (2.3). In other words, we obtain the nadir point
coordinates by minimizing each individual objective and then
obtaining the corresponding worst-case values for the objectives.
This approach is equivalent to solving (2.1) with wi = 1, wi =/ i = 0
for i, i ∈ O. From Proposition 1, these single objective solutions
are only weak Pareto solutions. Consequently, it is possible to
achieve a further reduction in the other objectives (the ones corresponding to the zero weights) without compromising the original
single objective. Because of this, the nadir point may be overly
pessimistic and unnecessarily enlarges the decision space. This in
turn impacts the scaling of the objectives in (2.4). In Sections 4.2.1
and 5 we illustrate this undesirable behavior numerically. To
address this issue, we propose an alternate nadir point and prove
that it is a Pareto solution. We will demonstrate that this nadir
point can signiﬁcantly shrink the decision space and can thus aid
decision-making.
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Deﬁnition 3 (Alternate Nadir Point). Let xi , f i be deﬁned as in (2.2)
for all i ∈ O. For each i ∈ O let the alternate nadir solution x∗i be
deﬁned as:
x∗i :=

argmin

wT f(x)

x∈X

(2.9)

s.t. fi (x) ≤ f i ,
where w satisﬁes wi = 0 and wi
∗

f with elements

∗
fi

=
/ i

> 0. The alternate nadir point

is deﬁned as:

∗

f i := max{fi (x∗0 ), fi (x∗1 ), . . ., fi (x∗n−1 )}, i ∈ O.

(2.10)

Proposition 2. The alternate nadir solutions x∗i , i ∈ O are Pareto
solutions of MOO.
Proof. Consider a ﬁxed i ∈ O. If x∗i is not a Pareto solution, then
there exists an alternate solution x̂i satisfying fk (x̂i ) ≤ fk (x∗i ) for
all k ∈ O and fk (x̂i ) < fk (x∗i ) for at least one k ∈ O. However, per
Deﬁnition 3, x∗i is calculated from (2.9) such that fi (x̂i ) ≤ f i and
where f i is the minimum of fi (x) for all x ∈ X. We thus have that
fi (x) ≥ fi (x∗i ) holds for all x ∈ X (including x̂i ). Next, consider the
rest of the objectives with indices k =
/ i. If fk (x̂i ) < fk (x∗i ) for at least
T
one k, then we have that w f(x̂i ) < wT f(x∗i ), which implies x∗i is not
a solution to (2.9) and there is a contradiction. Consequently, x∗i
must be Pareto optimal. 䊐
The computation of the alternate nadir point requires a selection
of weights. Such a selection is not unique and thus different alternate nadir solutions can be obtained. We note, however, that all
of these alternatives are guaranteed to be Pareto solutions. Moreover, any of the nadir alternatives computed from (2.9) would be
less pessimistic than the standard nadir point commonly used in
the literature (Miettinen, 1999) (computed from (2.2) and (2.3)).
Note that even small nonzero weights guarantee this property and
thus the alternate nadir point can be designed to simply prevent
extreme degeneracies and volatility of the objectives resulting from
the standard use of (2.2) and (2.3).
It is clear that computing all the elements in the Pareto set is
computationally intractable, particularly when many objectives are
considered. It is well known, however, that one can compute Pareto
optimal compromise solutions by ﬁnding points that are closest
in distance to the utopia point. This is often done by solving the
minimization problem:
min

f(x) p ,

x∈X

where ·

f(x)

p

=

p

(2.11)

is the Lp norm:




1/p
fi (x)

p

,

(2.12)

i∈O

with p ≥ 1. We note that the absolute value of the argument is omitted because fi (x) ≥ 0 holds by construction. Pareto optimality of the
compromise solutions is established in the following result.
Proposition 3. A solution x* of the minimum distance problem (2.11)
is a Pareto solution of MOO.
Proof. From optimality of x* , f(x) p ≥ f(x* ) p for all x ∈ X. Consider now the following contradiction. Assume decision x* is not a
Pareto solution, and thus there exists an alternate decision x such
that fi (x) ≤ fi (x∗ ) for all i ∈ O and fi (x) < fi (x∗ ) for at least one index
i. From the deﬁnition of the Lp norm, f(x) p < f(x∗ ) p for all p ≥ 1.
From optimality of x* , however, x cannot exist and thus we have a
contradiction. 䊐
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3. Multi-stakeholder decision-making and CVaR
framework
Multiobjective decision-making is inherently ambiguous in the
sense that a ﬁnal decision needs to be selected from the Pareto
set. Such a decision is often made based on individual insights,
expert knowledge, and/or preferences of a decision maker, which
are ambiguous. Ambiguity introduces difﬁculty in assigning meaning to a ﬁnal decision. For instance, while the compromise decision
obtained from the minimum distance problem (2.11) has a geometric interpretation, it is not clear how to interpret such a compromise
from a decision-maker satisfaction standpoint. In particular, a decision maker might not necessarily want a point that is close to the
utopia point, because her/his preferences are biased towards a certain objective or a set of objectives. Moreover, different decision
makers might have different preferences and biases, and thus might
disagree in the ﬁnal decision to be selected. We address these issues
by considering a multi-stakeholder setting, as proposed in Hu and
Mehrotra (2012).
Consider a number of stakeholders m and assume that each
stakeholder j ∈ S:={0, . . ., m − 1} prioritizes the multiple objectives of MOO according to the weight vector wj ∈ Rn . We deﬁne
the elements of wj as wj,i and we assume them to satisfy either
(2.6) or (2.7). Each stakeholder j ∈ S seeks to solve its individual
weighted optimization problem:
xj∗ :=argmin wTj f(x).

(3.13)

x∈X

The solution of problem (3.13) yields the objective vector f∗j :=f(xj∗ )

∗ and corresponding weighted cost wT f∗ . This
with elements fj,i
j j
weighted cost is ideal in the sense that it assumes that stakeholder
j does not compromise with the rest of the stakeholders. From
Proposition 1 we have that xj∗ is a weak Pareto solution of MOO
if wj satisﬁes (2.6) and is a Pareto solution if wj satisﬁes (2.7).
To deal with conﬂicting priorities among multiple stakeholders
we need to measure how satisﬁed/dissatisﬁed are stakeholders
with a given decision. To do so, we deﬁne the dissatisfaction function of stakeholder j at decision x as:

dj (x):=wTj (f(x) − f∗j ) = wTj f(x) − wTj f∗j .

(3.14)

We deﬁne the vector of dissatisfactions d(x) := (d1 (x), d2 (x), . . .,
dm−1 (x)). From optimality of xj∗ with respect to (3.13) and of the

associated weighted cost wTj f∗j we have that wTj f(x) ≥ wTj f∗j and thus

dj (x) ≥ 0 for all x ∈ X and j ∈ S. Moreover, because the values of the
objective functions fi (x) lie between zero and one and the weights
satisfy either (2.6) or (2.7), we have that dj (x) ∈ [0, 1] for all x ∈ X.
To clarify these concepts consider that two arbitrary decisions
x, x yield dj (x) < dj (x) for a given stakeholder j. This means that
stakeholder j will be more satisﬁed under decision x than under
decision x. Because of a possible conﬂict in priorities, however,
another stakeholder j might be less satisﬁed under decision x than
under decision x (i.e., dj (x) > dj (x)). To compute a stakeholder
compromise, we thus need to solve the multi-stakeholder optimization (MSO) problem:
min (d0 (x), . . ., dm−1 (x)).
x∈X

(3.15)

Similar to the original MOO context of Section 2, we can ﬁnd a
solution to MSO by minimizing a metric of the stakeholder dissatisfactions. For instance, we can ﬁnd a compromise solution by
minimizing the Lp norm of the dissatisfaction vector d(x). In the
discussion that follows, we will use the concept of the scaled Lp
norm:
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Deﬁnition 4 (Scaled Lp norm). Consider a ﬁxed decision x ∈ X
and the associated dissatisfaction vector d(x). The scaled Lp norm
(denoted as Lpm ) of d(x) is deﬁned as,

⎛
d(x)

⎝1

m
p :=

m



⎞ 1p
dj (x)p ⎠ ,

p ≥ 1.

(3.16)

j∈S

The scaled Lp norm has the following extreme cases,
d(x)

d(x)

m
1

m
∞

=

1
d(x)
m

= d(x)

∞

1

=

1
dj (x),
m

(3.17a)

j∈S

= max dj (x).

(3.17b)

j∈S

We note again that the absolute value is omitted from the norm
deﬁnition because the dissatisfaction functions are non-negative
by construction.
By working in the dissatisfaction space we can attribute more
meaning to a compromise decision. For instance, we can ﬁnd a
compromise that minimizes the average stakeholder dissatisfaction (Dyer and Forman, 1992):
min
x∈X

1
dj (x).
m

(3.18)

j∈S

From the above observations we have that this problem is equivalent to
min
x∈X

d(x)

m
1.

(3.19)

The solution of problems (3.18) or (3.19) can be interpreted as that
of ﬁnding the closest point (in the L1 norm) to the ideal point given
by the collection of the ideal stakeholder costs wTj f∗j .
Mehrotra and co-workers recently proposed to ﬁnd a stakeholder compromise by minimizing the worst-case dissatisfaction
among the stakeholders (Hu and Mehrotra, 2012):
min max dj (x).
x∈X

(3.20)

j∈S

This problem is equivalent to the scaled Lp norm minimization
problem
min
x∈X

d(x)

m
∞.

(3.21)

We recently proposed to use the conditional value-at-risk
(CVaR) as a generalized metric to create a multi-stakeholder framework that has the average (3.18) and worst-case (3.20) frameworks
as extremes (Zavala, 2016). In this work, we will attribute a geometric interpretation to CVaR that will help us establish Pareto
optimality. We use the following deﬁnition of CVaR:
Deﬁnition 5 (CVaR). Consider a decision x ∈ Rn and the discrete
random variable d(x) with outcomes d0 (x), d1 (x), . . ., dm−1 (x) and
probabilities pj = (1/m), j ∈ S. The CVaR of the random variable
d(x) with parameter ˛ ∈ [0, 1] is deﬁned as,
CVaR˛ (d(x)):=min
∈R

1
1
[d (x) − ]+ ,
+
m
1−˛ j

⇔

min

(x,) ∈ X×R

+


1
dj (x) − 
(1 − ˛)m

1
m
j∈S

1
 +
1−˛ j

s.t. j ≥ dj (x) − , j ∈ S.

(3.23a)

(3.23b)

The CVaR formulation is motivated by the observation that we
can interpret stakeholder opinions as samples from a population.
The CVaR approach can then be used to shape the distribution of
stakeholder dissatisfactions. In particular, CVaR penalizes the large
dissatisfactions in the (1 − ˛) tail of the stakeholder distribution. In
other words, computing the CVaR of the dissatisfactions is equivalent to ordering the instances of d(x) in increasing order, taking the
(1 − ˛) largest elements, and averaging them. Consequently, one
can show that the CVaR solution converges to the worst-case solution as ˛ → 1 and to the average solution as ˛ → 0 (Pavlikov and
Uryasev, 2014). The CVaR metric can prevent the extreme conservatism of the worst-case solution. For instance, we might want to
avoid a situation in which a single stakeholder dictates a solution.
CVaR helps us explore if a decision changes when we discard certain
elements of the population. Another advantage of the CVaR function is that it is convex and can be handled by standard optimization
algorithms.
The Lp and scaled Lp norm interpretations provide a generalized framework to compute compromise solutions (i.e., for varying
values of p). Compromise solutions obtained with such norms,
however, do not have statistical interpretations. The CVaR setting enables statistical interpretations of stakeholder compromise
solutions and with that, we inherit other desirable properties. For
instance, CVaR has asymptotic convergence as we increase the size
of the stakeholder population (Kleywegt et al., 2002). In addition, it
is possible to perform inference analysis on CVaR solutions (compute conﬁdence intervals) (Linderoth et al., 2006). This can help
us evaluate, for instance, if the stakeholder group is a representative sample of the population or to determine an appropriate
sample size or polling procedures that reduce variance. We can
analyze the impact of different opinion statistics on the nature of
the compromise solution.
In previous work, we have observed empirically that the solution of the CVaR problem (3.25) yields Pareto optimal solutions for
MOO (2.1) for any value of ˛ but no formal proof was established
(Zavala, 2016). We now proceed to prove that this is indeed the case.
Crucial to our development is the observation that CVaR has a geometric interpretation, which was noticed in Pavlikov and Uryasev
(2014). In that work, the authors introduced the notion of the CVaR
norm of a vector. To explain this concept we deﬁne d̂(x) as the vector of dissatisfactions with entries ordered from smallest to largest:
d̂0 (x) ≤ d̂1 (x) ≤ · · · ≤ d̂m−1 (x). We use the following deﬁnition of the
CVaR norm, which has been adapted to our context:
Deﬁnition 6 (Scaled CVaR norm). Consider a decision x ∈ Rnx and
dissatisfaction vector d(x) = (d0 (x), d1 (x), . . ., dm−1 (x)) with corresponding reordered vector d̂(x). Deﬁne the scalars ˛j :=(j/m), j ∈
S. The scaled CVaR norm of vector d(x) with parameter ˛j is deﬁned
as,
1 
d̂k (x).
m−j
m−1

d(x)m
˛j :=

In the CVaR framework, we compute a stakeholder compromise by
solving the CVaR minimization problem:

x∈X

min

(x,,j ) ∈ X×R×R+

j∈S

where [v]+ := max{v, 0} for v ∈ R.

min CVaR˛ (d(x))

It is well-known that this problem can be reformulated as,

+

j∈S

(3.22)

k=j

As can be seen, the CVaR norm with scalar ˛j is the average of the
m − j largest entries of d(x). For each j ∈ S with associated ˛j = (j/m),
we can deﬁne the set of m − j largest entries of d(x) as,
K˛j (x):={k ∈ S | dk (x) ≥ d̂j (x)}.

(3.24)
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In addition, we note that K˛j (x) ⊆ S for all j ∈ S, K˛j (x) = S for j = 0,
and |K˛j (x)| = m − j. We can use this set to express the CVaR norm
as:
d(x)m
˛j

1
=
m−j



We consider the following CVaR norm minimization problem:
d(x)m
˛.

x∈X

(3.25)

min

k ∈ K˛ (x∗ )

dk (x∗ )

(3.29)

j

(3.26)

d̂j (x) =

(3.28)

min dk (x) <

k ∈ K˛ (x)
j

(3.29)

min dk (x∗ ) ≤

k ∈ K˛ (x)
j

(3.27)

min dk (x∗ ) = d̂j (x∗).

k ∈ K˛ (x∗ )
j

(3.30)

The deﬁnition of the CVaR norm is combinatorial in nature (entries
need to be reordered). Consequently, (3.25) is not particularly
amenable for computation. The following result, however, establishes an equivalence between the CVaR norm and the CVaR
problem (3.22) and summarizes several properties for the CVaR
norm. These properties have been established in Pavlikov and
Uryasev (2014) and we will use them to establish Pareto optimality
of the solutions of the CVaR problem.
Property 1. For ﬁxed x, consider the discrete random variable
d(x) with outcomes d0 (x), d1 (x), . . ., dm−1 (x), probabilities pj =
(1/m), j ∈ S, and the corresponding vector d(x). We have that:
(i) d(x)m
˛ = CVaR˛ (d(x)) for ˛ ∈ [0, 1].
= d(x) m
(ii) d(x)m
0
1
m
(iii) d(x)m
˛ = d(x) ∞ for ((m − 1)/m) ≤ ˛ ≤ 1.
(iv) For ˛ such that ˛j < ˛ < ˛j+1 , j = 0, . . ., m − 2, the CVaR norm
d(x)m
˛ satisﬁes
d(x)m
˛

=

 d(x)m
˛j + (1 − ) d(x)˛j+1

We highlight that another disadvantage of the Lp norm is its
high nonlinearity (with exception of the obvious choices p = 1, p = 2,
and p =∞). In Pavlikov and Uryasev (2014) it was observed that the
CVaR norm provides a piecewise linear approximation of the scaled
Lp norm, which is beneﬁcial from a computational standpoint.
We now proceed to prove that the solution of the CVaR minimization problem (3.22) is indeed Pareto optimal for any choice
of ˛ ∈ [0, 1]. We begin by establishing the following key technical
result.
Lemma 1. Consider decisions x and x* with dissatisfaction vectors
d(x) and d(x* ). We have that:
dj (x) < dj (x∗ ),

j ∈ S⇒

d(x)m
˛

<

d(x∗ )m
˛,

Proof. We start by proving that dj (x) < dj

(x∗ )

˛ ∈ [0, 1].

for all j ∈ S implies

that d̂j (x) < d̂j (x∗ ) for all j ∈ S. We pick a j ∈ S and consider decision x with subset K˛j (x) ⊆ S and note that,
d̂j (x) =

min dk (x).

k ∈ K˛ (x)

(3.26)

j

Similarly, for decision x* and subset K˛j (x∗ ) ⊆ S we have
d̂j (x∗ ) =

min dk (x∗ ).

k ∈ K˛ (x∗ )

(3.27)

j

Next, we observe that dj (x) < dj (x∗ ) for all j ∈ S implies that
min dk (x) < min dk (x∗ )
k∈K

We thus have d̂j (x) < d̂j
values of ˛j =

j
m

(x∗ )

for all j ∈ S. Consider now discrete
d(x)m
˛j is com-

where j ∈ S. At these points,

puted by averaging dk (x), k ∈ K˛j (x). Because we have established
that d̂j (x) < d̂j (x∗ ) holds, we have that d(x)m
˛j <

d(x∗ )m
˛j . From

Property 1 we have that, for arbitrary x and any ˛ such that
˛j < ˛ < ˛j+1 , j = 0, . . ., m − 2, the CVaR norm d(x)m
˛j is computed

m
by a linear combination of d(x)m
˛j and d(x)˛ +1 . We thus have

that d(x)m
˛ <

d(x∗ )m
˛ for all ˛ ∈ [0, 1]. 䊐

j

We can now establish our main result.
Theorem 1. Let x* be a solution of the CVaR problem (3.22). We have
that:
(i) If wj , j ∈ S satisfy (2.6) then x* is a weak Pareto solution of MOO
(2.1) for any ˛ ∈ [0, 1].
(ii) If wj , j ∈ S satisfy (2.7) then x* is a Pareto solution of MOO (2.1)
for any ˛ ∈ [0, 1].
m
∗
Proof. Because x* is optimal for (3.25), d(x)m
˛ ≥ d(x )˛ for
*
any x ∈ X. To establish i) assume x is not a weak Pareto solution. This implies that there exists an alternate decision x ∈ X
such that fi (x) < fi (x∗ ) for all i ∈ O. Thus, wTj f(x) < wTj f(x∗ ) for any

with  := (((˛j+1 − ˛)(1 − ˛j ))/((˛j+1 − ˛j )(1 − ˛))).
(v) d(x)m
˛ is a nondecreasing function of ˛ ∈ [0, 1].

k∈K

min dk (x∗ ) ≤

for any subset K ⊆ S of cardinality |K| = m − j. We can thus establish
that:

k ∈ K˛ (x)
j

min

for any subset K ⊆ S. Furthermore, from the deﬁnition of K˛j (x∗ ),
we have that
k∈K

dk (x).
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(3.28)

weight vector wj satisfying (2.6) and dj (x) < dj (x∗ ) for all j ∈ S.
m
∗
From Lemma 1, d(x)m
˛ < d(x )˛ . The alternate solution x cannot exist, which is a contradiction. Consequently, x* is weak Pareto
optimal. To establish ii) assume x* is not a Pareto solution. This
implies that there exists an alternate decision x ∈ X such that
fi (x) ≤ fi (x∗ ) for all i ∈ O and fi (x) < fi (x∗ ) for at least one i. Thus,
wTj f(x) < wTj f(x∗ ) for any weight vector wj satisfying (2.7) and
m
∗
dj (x) < dj (x∗ ) for all j ∈ S. From Lemma 1, d(x)m
˛ < d(x )˛ .
Thus the alternate solution x cannot exist, which is a contradiction.
Consequently, x* is Pareto optimal. 䊐

Corollary 1. Any solution x* of the CVaR problem (3.22) is a Pareto
solution of MSO (3.15).
Proof. Follows directly from Lemma 1 and the arguments for the
proof of Proposition 3. 䊐
We make the following remarks:
• The Pareto optimality result of Theorem 1 is of signiﬁcance
because it guarantees that any solution of the CVaR minimization
problem is efﬁcient in the sense that it truly represents a tradeoff in the objectives for the original MOO (2.1). The result points
out that only weak Pareto optimality can be guaranteed if any of
the stakeholders sets a weight of zero for one of the objectives. Of
course, weak Pareto optimality is better than no Pareto optimality at all. The presence of zero weights represents the situation
in which a stakeholder takes a extreme position on preferences. We note that in some special cases it is possible to obtain a
Pareto solution even if some of the weights are zero. For instance,
consider the special case in which we minimize the average of
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dissatisfactions (i.e., ˛ = ˛0 = 0 and K˛0 (x) = S for any x). Then, as
long as the weights satisfy the condition
1
wk,i > 0,
m

i ∈ O,

(3.31)

k∈S

we will recover Pareto optimality. In other words, the average
of the stakeholder weights is positive for each objective. Pareto
optimality follows because such a condition implies that
1
1
dk (x) <
dk (x∗ ),
m
m
k∈S

(3.32)

k∈S

which is the condition needed to establish a contradiction in
Theorem 1. In other words, even if a stakeholder takes an extreme
position on one objective (i.e., assigns a zero weight), Pareto optimality will be guaranteed if another stakeholder does not assign
a zero weight on the same objective.
• For general values of ˛ =
/ 0 Pareto optimality can occur in
some cases. For instance, consider the situation in which
we have a decision x* with set K˛j (x∗ ) and that for
any alternative x, K˛j (x) = K˛j (x∗ ) = K. Then, provided that
(1/(m − j)) k ∈ K dk (x) < (1/(m − j)) k ∈ K dk (x) holds, we have
Pareto optimality. Such a situation can occur, for instance, if the
w > 0 for all i ∈ O because the CVaR
weights satisfy
k ∈ K k,i
norm takes the average over the elements of K.
• From a practical standpoint we highlight that one can always
prevent degeneracies and weak Pareto solutions by assigning a
sufﬁciently small value to zero weights.
• Theorem 1 indicates that Pareto optimality can be established for
any value of the probability level ˛, which implies that we can
compute elements of the Pareto set by spanning the interval ˛ ∈
[0, 1]. Spanning this interval enables us to consider stakeholder
compromise solutions with different statistical properties. We
recall that the extremes of this interval correspond to average
and worst-case compromise solutions, which indicate that CVaR
provides a generalized framework.
• Corollary 1 indicates that any solution of the CVaR problem is
a Pareto solution of the multi-stakeholder problem MSO (even
if there are zero weights). This indicates that the solution of
the CVaR problem represents a true trade-off in the stakeholder
dissatisfaction space. Consequently, it represents an actual compromise among stakeholders.

4. Uses and properties of CVaR framework
In this section, we discuss different settings under which the
CVaR framework can be used and features of the stakeholder compromise solutions using numerical examples.
4.1. Decision-making settings and applications
The CVaR framework can be used as a general framework for
conﬂict resolution in decision-making environments. In particular,
it can provide useful information to stakeholders that facilitates
discussions and accelerates consensus reaching. In particular, the
CVaR framework:
• Provides a quantiﬁable metric that enables systematic comparisons of the effect of different compromise solutions on the
dissatisfaction of the stakeholders. With this, it is possible to analyze if the decision is fair or if a decision strongly divides the
stakeholder population (a subset is strongly satisﬁed and another
set is strongly dissatisﬁed).
• Enables us to use opinions of speciﬁc communities to implicitly
assign value to factors or metrics that cannot be easily monetized.

• Enables us to analyze how the opinion of individual stakeholders
or if different stakeholder populations affect a ﬁnal decision. This
information is valuable for a policy maker that seeks to assess
what would be the impact of informing a population on a given
subject or try to target incentives to encourage certain stakeholders to change their position.
• Enables us to ﬁnd out if population opinions indeed affect a decision. For instance, there might be instances in which, because of
engineering or physical constraints, the solution is not affected by
stakeholder preferences and therefore it is unnecessary to engage
in discussions.
• Enables us to understand if a certain stakeholder or subset of
stakeholders fully dictates the nature of a decision and therefore
the dissatisfaction of the rest of the stakeholders. In such a case,
it would be sensible to reconsider a decision.
• Enables us to assess how polling procedures affect a decision.
For instance, a given polling procedure can lead to solutions that
are strongly conﬂicting compared to another, depending on how
information is presented to the stakeholders. In some cases, it is
possible that different polling procedures give the same decision.
From an application standpoint, we provide the following examples. Consider decision-making settings in which:
• A set of engineers disagree on what economic, sustainability, and
safety metrics should be considered in a design. The metrics are
many so the computation of the Pareto set is impractical. The
framework can be used to identify a compromise solution that
captures different priorities for many objectives.
• A set of engineers disagree on the future prices of a commodity that should be used in a planning exercise and the prices
are difﬁcult/impossible to forecast. The framework can ﬁnd a
compromise solution when experts disagree on prices or other
parameters, such as interest rates or depreciation methods, that
are used to deﬁne objectives.
• A utility system of a chemical complex or an urban area seeks to
distribute steam and chilled water to a set of consumers and faces
a shortage of supply. The proposed framework can be used to shed
demands in a way that minimizes collective dissatisfaction.
• A set of operators of a manufacturing facility that disagree on
how to price equipment wear and safety, or commodities that
are priced using immature or non-existing markets (e.g., water).
• A set of building occupants that disagree on what set-point should
be used for their thermostats. The framework can be used to ﬁnd
set-points in a way that balance total energy use and individual
comfort based on preferences of the stakeholders.
• A community has conﬂicting priorities on water quality, emissions, and health hazards related to an industrial facility that
will be installed nearby. The framework can be used by either
regulators or engineers to ﬁnd compromise designs, operational
policies, and/or regulations that account for both the community
concerns and the facility’s technical metrics.
• A government agency seeks to evaluate how the deployment of
a given policy might affect conﬂicting interests of a community
(e.g., land use, water use, safety). The framework can be used to
assess the dissatisfaction of the community under different policy
options.
To provide some context on the scope of the proposed framework, we discuss how these capabilities can speciﬁcally facilitate
activities at the U.S. EPA. On-going projects include brownﬁeld
clean-ups,1 green infrastructure,2 transportation improvements,

1
2

http://www.epa.gov/brownﬁelds.
http://www.epa.gov/green-infrastructure.
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community action for a renewed environment (CARE),3 and
sustainable tribal communities,4 all of which involve complex
decision-making processes.
The EPA provides grants to communities, states, tribes, and other
stakeholders to identify solutions that prevent, assess, safely clean
up, reuse, and improve green spaces, urban zones, and industrial
lands. Any grant program must work with the involved stakeholders to develop and test sustainable solutions while assessing
needs and outcomes, examining trade-offs, and tracking progress.
The stakeholders use multiple social (life expectancy, water supply and sanitation, security), environmental (air and water quality,
ecosystem diversity, residential and industrial energy use, exposures to pollutants), and economic (income and economic activity,
employment, poverty, revenues) indicators for deﬁning what a
sustainable community means to them.5 A multi-stakeholder
framework can help mitigate ambiguity that results from all of
these different perspectives and help communities obtain tangible compromise solutions that resolve conﬂicts. In addition, the
proposed framework can factor the opinions of multiple local and
regional communities and quantify their effects on the ﬁnal decision.
The proposed framework can provide interoperability features
that integrate existing assessment tools, models, and indicator
databases. For instance, when locating new facilities or investing in
new infrastructure, stakeholders can use the framework to express
their concerns on exposure and potential risks from environmental pollutants. Such a setting would integrate, for instance, the
multi-stakeholder framework with the EPAs community-focused
exposure and risk screening tool (C-FERST).6 This would allow to
effectively minimize exposure to pollutants with the highest risks,
overlay demographic data for identifying susceptible populations,
and observe potential impact of geographical location.
4.2. Features and interpretations of CVaR compromise solutions
We now discuss some features and interpretations of compromise solutions through simple numerical examples. All the
examples are available at http://zavalab.engr.wisc.edu/data.
4.2.1. Example 1
Consider the two-objective problem:
min
x

s.t.

(x0 , x1 )
x0 + 2 x1 ≥ 5

(4.33)

x0 , x1 ≥ 0
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∗

3 is f = [5, 5/2]. The alternate point is clearly less pessimistic. The
CVaR problem (3.22) can be formulated as:
1
1
+
 ,
m
1−˛ j

min
xi ,,j ,fi

(4.35a)

j∈S

s.t. x0 + 2 x1 ≥ 5,

(4.35b)

x0 , x1 ≥ 0,

(4.35c)

fi = xi ,

(4.35d)

i ∈ O,

j ≥ dj − ,
j ≥ 0,

j ∈ S,



dj =

j ∈ S,



wj,i

i∈O

∗
fi − fj,i

(4.35e)
(4.35f)


j ∈ S,

,

fi −fi

(4.35g)

where the expression for the dissatisfaction dj of stakeholder j is
obtained from the identity,
dj

=





wj,i



i∈O

=


i∈O

wj,i

fi − f i
fi −fi
∗
fi − fj,i



−



fi −fi


i∈O



wj,i

∗ −f
fj,i
i



fi −fi

(4.36)

.

∗ are the unscaled ideal stakeholder objectives. We assume
Here, fi,j

we have two stakeholders with weights w0 = [0.9, 0.1]T and
w1 = [0.1, 0.9]T and we solve (4.35) using the standard (pessimistic)
and alternate nadir points. In Fig. 2 we present the optimal solution and stakeholder dissatisfactions as a function of ˛. We make
the following observations:
• When ˛ = 0 (minimize average dissatisfaction) we obtain that one
stakeholder is fully satisﬁed while the other one is dissatisﬁed.
In contrast, when ˛ = 1 (minimize the maximum dissatisfaction),
both stakeholders are equally satisﬁed.
• CVaR only locates two points on the Pareto set of MOO (4.33) as
we span ˛ ∈ [0, 1]. This illustrates that CVaR only selects certain
elements of the Pareto set (i.e., it does not cover the entire set).
The selected elements, however, are compromise solutions that
have clear interpretations from a dissatisfaction standpoint.
• The transition to a compromise solution with equal stakeholder
dissatisfaction occurs at a much smaller ˛ value using the alternate nadir point. This implies that consensus is reached faster by
using a less pessimistic nadir point because trade-offs are evaluated on a smaller space.

The ideal stakeholder solution for weights (w0 , w1 ) is given by:

x∗ :=

⎧
x = 5, x1 = 0
⎪
⎨ 0

if w0 < 1/3,

x0 + 2, x1 = 5

if w0 = 1/3,

x0 = 0, x1 = 5/2

if w0 > 1/3.

⎪
⎩

4.2.2. Example 2
Consider the three-objective problem:
(4.34)

The objectives correspond to the actual variables (i.e., f0 (x) = x0
and f1 (x) = x1 ). Using (2.2) and (2.3) we obtain the nadir standard
point f = [5, 5]. The alternate nadir point obtained using Deﬁnition

3
http://www.epa.gov/communityhealth/community-action-renewedenvironment-care-resources.
4
http://www.epa.gov/tribal.
5
https://www.sustainablecommunities.gov/indicators
6
http://www.epa.gov/healthresearch/community-focused-exposure-and-riskscreening-tool-c-ferst.

min
x

s.t.

(x0 , x1 , x2 )
x0 + x1 + x2 ≥ 1

(4.37)

2
0 ≤ x0 , x1 , x2 ≤ .
3
The ideal stakeholder solution x* for weights (w0 , w1 , w2 ) is
given by:

x∗ :=

⎧
x0 = 2/3, x1 = 1/3, x2 = 0 if w0 < w1 < w2 ,
⎪
⎪
⎪
⎪
⎨ x0 + x1 = 1, x2 = 0
if w0 = w1 < w2 ,
⎪
x0 = 2/3, x1 + x2 = 1/3
⎪
⎪
⎪
⎩
x0 + x1 + x2 = 1

if w0 < w1 = w2 ,
if w0 = w1 = w2 .

(4.38)
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Fig. 2. Solutions of CVaR problem for Example 1 as a function of ˛.

Fig. 3. Solutions of CVaR problem for ˛ ∈ [0, 1] for different sets of stakeholders. The vertices of the Pareto set correspond to the ﬁrst condition of (4.38).

The objectives correspond to the actual variables (i.e., f0 (x) = x0 ,
f1 (x) = x1 , and f2 (x) = x2 ) and their values lie in [0, 1] (no scaling is
necessary). This problem has the property that any Pareto solution lies on the plane x0 + x1 + x2 = 1. We identiﬁed Pareto solutions
using four sample sets of 10 stakeholders and four sample sets of
500 stakeholders. The sets are denoted as A,B, C, and D. For each
stakeholder, the weight vector wj was drawn from a uniform distribution and the weights were normalized to satisfy (2.6). From
Fig. 3, we show paths that trace the evolution of the solution of the
CVaR problem for equally spaced values of ˛ ∈ [0, 1]. The distribution of stakeholder dissatisfactions are shown in Fig. 4 for ˛ = {0,
1/2, 1}. We make the following observations:
• As predicted by Theorem 1, all points on Fig. 3 line on the plane
x0 + x1 + x2 = 1, which deﬁnes the Pareto set.
• In Fig. 3, we illustrate solution behavior with increasing stakeholder population. For a small stakeholder population, the CVaR
solutions change signiﬁcantly with different stakeholder samples. As we increase the population size we see that the CVaR
solutions get closer to each other and converge at ˛ = 1. This indicates that, as the stakeholder population increases, there is less
variability in the solution that minimizes the largest dissatisfaction. Thus, for this problem, we can conclude that for a sufﬁciently
large sample, the worst-case compromise solution is insensitive
to changes in the stakeholder sample. Depending on the application, this could be undesirable because it would imply that a

Fig. 4. Dissatisfaction histograms for CVaR solutions (stakeholder set A).

single stakeholder dominates a solution. Consequently, it would
be desired to explore other compromise solutions provided by
CVaR with smaller ˛ values.
• In Fig. 4, we illustrate that adjusting ˛ changes the shape of
the dissatisfaction distribution. When ˛ = 0 (minimize mean
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Table 1
CVaR solutions for varying values of ˛ (stakeholder set C).
˛ = 0.00
···
˛ = 0.43
˛ = 0.44
···
˛ = 0.55
˛ = 0.56
···
˛ = 0.64
˛ = 0.65
···
˛ = 0.80
˛ = 0.81
···
˛ = 1.00
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around in an unpredictable manner as we move ˛. This illustrates
that identifying compromise solutions in the presence of multiple
stakeholders is nontrivial and requires optimization approaches,
such as the one proposed here.

f(x* ) = (0.3333, 0.0000, 0.6667)
···
f(x* ) = (0.3333, 0.0000, 0.6667)
f(x* ) = (0.3901, 0.0144, 0.5955)
···
f(x* ) = (0.3672, 0.0283, 0.6045)
f(x* ) = (0.3865, 0.0445, 0.5689)
···
f(x* ) = (0.4411, 0.0273, 0.5316)
f(x* ) = (0.4694, 0.0345, 0.4961)
···
f(x* ) = (0.3911, 0.1023, 0.5066)
f(x* ) = (0.1961, 0.2194, 0.5845)
···
f(x* ) = (0.1961, 0.2194, 0.5845)

5. Case study: facility location selection
We now present a facility location problem to demonstrate
the capabilities provided by the CVaR framework. The goal in
this problem is to locate biowaste processing facilities in a geographical region in such a way that we: (i) minimize the distance
between facilities and biowaste sources (to minimize transportation), (ii) maximize the distance between facilities and urban areas
to avoid safety and health concerns, (iii) maximize the distance
between facilities and watersheds to avoid contamination, and
(iv) minimize capital costs. This problem structure is applicable to
other infrastructure placement applications, such as wind farms,
wastewater treatment facilities, landﬁlls, roadways, and so on. In
all of these problems there are multiple conﬂicting objectives and
stakeholders. In particular, the CVaR framework enables location of
biowaste processing facilities that capture priorities of community
groups, farmers, state and local administrations, federal agencies,
investors, and other stakeholders want to understand some health
effects as a consequence of these facilities and their supply chain.

dissatisfaction), the distribution of stakeholder dissatisfactions is
skewed to the left, which indicates that the preferences of a few
are sacriﬁced to improve the satisfaction of the many. We indicate
the location of the median of the distribution instead of the mean
because this gives us an indication of where half of the stakeholder population is. As ˛ increases, the largest dissatisfaction
decreases but the median of the dissatisfactions increases. For
˛ = 1 (minimize worst dissatisfaction), the largest dissatisfaction
is approximately half of that obtained with ˛ = 0 (minimize average dissatisfaction), but the distribution is skewed to the right.
The solution for ˛ = 1/2 strikes a balance between the mean and
the worst-case solutions.

5.1. Mathematical model
Let F, U, W and C represent the sets of farms (generating
biowaste), urban centers, watersheds, and candidate facility locations, respectively. For each element i of these sets, there is a
corresponding spatial coordinate vector zi . The objectives are total
distance from farms to facilities (denoted as f0 ), weighted distance from each watershed and urban center to the nearest facility
(denoted as f1 and f2 , respectively), and capital costs (denoted as
f3 ). Each farm is assumed to produce one unit of biowaste, and

We note that Property 1 states that CVaR is monotone in ˛ for a
ﬁxed decision x. CVaR, however, cannot be guaranteed to be monotone as we allow the compromise solutions to change with ˛. This
observation can be corroborated in Table 1, which shows CVaR
compromise solutions for different values of ˛ and for a given stakeholder set. The trend indicates that the objective values can bounce
Table 2
Solutions for biowaste facility location problem.
Name

Objective values

No. of facilities

f0

f1

f2

f3

Small

Large

Using pessimistic nadir point
Min f0
Max f1
Max f2
Min f3

1.66
9.31
9.68
6.79

0.0
3.82
0.0
0.0

0.0
0.0
34.08
0.0

255.0
17.0
17.0
10.5

0
0
0
1

30
2
2
1

Utopia
Nadir

1.66
9.68

3.82
0.0

34.08
0.0

10.5
255.0

–
–

–
–

˛ ∈ [0.00, 0.59]
˛ ∈ [0.60, 0.63]
˛ ∈ [0.64, 0.74]
˛ ∈ [0.75, 0.89]
˛ = 0.9
˛ ∈ [0.91, 0.92]
˛ ∈ [0.93, 1.00]

8.98
8.57
7.80
6.40
6.13
5.99
5.67

3.82
3.53
3.33
2.99
2.88
2.70
2.82

33.40
32.84
29.95
24.69
22.73
23.45
20.85

17.0
17.0
17.0
17.0
17.0
17.0
17.0

0
0
0
0
0
0
0

2
2
2
2
2
2
2

Using alternate nadir point
Min f0
Max f1
Max f2
Min f3

1.66
8.98
8.96
5.08

0.54
3.82
3.60
2.59

2.90
33.39
34.08
7.76

18.5
17.0
17.0
10.5

5
0
0
1

1
2
2
1

Utopia
Nadir

1.66
8.98

3.82
0.54

34.08
2.90

10.5
18.5

–
–

–
–

∈
∈
∈
∈
∈
∈

5.08
5.69
5.08
5.69
6.43
6.86

2.59
2.82
2.59
2.82
3.11
3.12

7.76
7.76
7.76
7.76
7.76
7.76

10.5
10.5
10.5
10.5
10.5
10.5

1
1
1
1
1
1

1
1
1
1
1
1

˛
˛
˛
˛
˛
˛

[0.00, 0.49]
[0.50, 0.71]
[0.72, 0.86]
[0.87, 0.94]
[0.95, 0.97]
[0.98, 1.00]
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Fig. 5. CVaR compromise solutions for biowaste case study.

small and large facilities are capable of processing nS and nL units of
biowaste, respectively. The network connecting farms to facilities
is modeled as follows:



i,j = 1,

i ∈ F,

(5.39a)

i,j ≤ nS yjS + nL yjL ,

j ∈ C,

(5.39b)

i∈F

yjS + yjL ≤ 1,

j ∈ C,

0 ≤  ≤ 1,
f0 =



(5.39d)
(5.39e)

i,j ||zi − zj ||2 ,

(5.39f)

i∈F j∈C

j∈C



yjS , yjL ∈ {0, 1},

j ∈ C,

(5.39c)

where  i,j represents the amount of biowaste transferred from farm
i to candidate facility location j. Integer variables yjS and yjL represent
the decision to construct a small or large facility at candidate location j. The farm to facility objective is calculated using the network
ﬂows and farm and facility locations.

A.W. Dowling et al. / Computers and Chemical Engineering 90 (2016) 136–150

147

Fig. 6. Comparison of single objective solutions for farm-to-facility distance objective (f0 ).

The other two distance objectives are obtained by computing
the total weighted distance from each urban center and watershed
to the nearest facility:
ri

≤ ||zi − zj ||2 (˛S yjS + ˛L yjL )
+M˛(1 − yjS − yjL ),

ri

i ∈ U, j ∈ C,

≤ ||zi − zj ||2 (ˇS yjS + ˇL yjL )
+Mˇ(1 − yjS − yjL ),

ri ≥ 0,

i ∈ U ∪ W,

f1 =

ri ,


i∈U

f2 =



i ∈ W, j ∈ C,

(5.40a)

(5.40b)

(5.40c)
ri ,

(5.40d)

i∈W

where ˛S , ˛L , ˇS , ˇL are constants representing the impact of small
versus large facilities on the distance to urban centers and watershed metrics. The variable ri represents the largest distance from a
urban center or watershed i to the nearest facility. Parameter M is
set to the largest possible distance and we deﬁne ˛ = max(˛S , ˛L )
and ˇ = max(ˇS , ˇL ). Capital cost is computed as follows:
f3 =





c S yjS + c L yjL ,

(5.41)

j∈C

where cS and cL are the costs of small and large facilities, respectively.
5.2. Computational results
Locational data for 12 farms, 2 urban centers, 3 watersheds,
and 30 candidate facility locations were generated from a uniform
distribution. Similarly, the priorities of 50 stakeholders were generated from a uniform normal distribution and normalized. We
solved the CVaR problem for the four scaled objectives f0 , −f1 , −f2
and f3 using 101 evenly spaced values of ˛ covering the range [0,
1]. We compare results using scaling obtained from the standard
(pessimistic) nadir point and the alternate nadir point. The results
are summarized Table 2. The compromise solutions computed with
the alternate nadir point for varying values of ˛ are visualized in
Fig. 5. In Fig. 6 we compare the solutions obtained by minimizing
distance between farms and facilities (f1 ) using formulations (2.2),
(2.3), and (2.9). We make the following observations:
• In all of the compromise solutions generated with the alternate
nadir point, shown in Fig. 5, only one small facility and one large

facility were installed. The location of the small facility is constant across all of the solutions while the location of the large
facility changes with ˛. The four locations for the large facility
seen as ˛ is traced from zero to one are accented with ellipses
in Fig. 5. It is thus clear that, with the collected stakeholder
preferences sample, a debate should be focused on four candidate locations for the large processing facility, and not the other
26 candidate locations or the location of the small processing
facility. This illustrates that the CVaR framework can facilitate
discussions by better informing stakeholders seeking to evaluate
a wide range of alternatives.
• As in Example 1, this case study is prone to pessimistic nadir
points. The optimization results for minimizing distance between
farms and facilities, computed by (2.2) and (2.9), are compared in
Fig. 6. With the standard nadir point, deﬁned by (2.2), a solution
with a large facility at every candidate location is selected. This is
because f1 , f2 and f3 are not considered in the objective, and thus
there is no motivation to build fewer facilities. Similar extreme
solution behavior is apparent in Table 2, and the explored solution space (between the utopia and nadir points) is wide. With the
alternate nadir point of (2.9), a less pessimistic solution is generated and this narrows down the range. In particular, the standard
nadir point is (9.68, 0.00, 0.00, 255.00), whereas the alternate
point is (8.98, 0.54, 2.90, 18.5).
• From Table 2 we see that using the pessimistic nadir point results
in large trade-offs for the ﬁrst three objectives as ˛ spans [0,
1]. With the alternate nadir point we only observe trade-offs
between the ﬁrst two objectives as ˛ changes. As indicated by
Theorem 1, CVaR compromise solutions are Pareto solutions of
MOO for all ˛ ∈ [0, 1], regardless of the nadir point used (which
sets the objective scaling). Scaling is important, however, and
impacts the portion of the Pareto set explored by the CVaR problem. For instance, when using the alternate nadir point, the CVaR
compromise solutions for ˛ ∈ [0.00, 0.49] and ˛ ∈ [0.72, 0.86] are
identical to the solution obtained by the individual minimization
of f4 (capital cost). This illustrates that the alternate nadir point is
Pareto optimal (from Proposition 2). This illustrates that the use
of the alternate nadir solution narrows down the decision space
and facilitates decision-making.
• Fig. 7 illustrates the solutions for the four stakeholders with
the strongest biases on individual objectives. Interestingly, none
of these solutions match the compromise solutions generated
by CVaR minimization. This illustrates both the diversity of
the preferred solutions for stakeholders and that the CVaR
framework ﬁnds compromise solutions and facilitates targeted
discussions.
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Fig. 7. Comparison of solutions for stakeholders with strongly biased preferences.

6. Conclusions and future work
We presented a conditional-value-at-risk (CVaR) framework for
multi-stakeholder decision-making. In the proposed setting, we
factor in stakeholder priorities on multiple objectives to construct
dissatisfaction functions and we interpret such dissatisfactions as
random variables. This allows us to provide statistical interpretations to the resulting compromise solutions. We use a geometric
interpretation of CVaR to prove that any compromise solution
obtained with the proposed framework is a Pareto optimal solution for the original multi-objective optimization problem. In this
sense, our approach is a generalization of previous approaches
that minimize either average stakeholder dissatisfaction or the
worst-case stakeholder dissatisfaction. We demonstrate that the
framework offers a way to interpret compromise solutions in terms
of stakeholder dissatisfactions, which can facilitate discussions. The
framework provides a mechanism to explore and quantify the effect
of opinions on ﬁnal decisions. The framework is targeted at problems with many competing objectives and stakeholder preferences,
for which computing the entire Pareto set is not practical.
The framework may be extended by reﬁning the conditions for
the weights of Theorem 1 that guarantee Pareto optimality. In addition, it is possible to perform post-solution checks to guarantee
that a compromise solution is indeed Pareto optimal (Zavala, 2015;
Miettinen, 1999). The proposed framework may be extended to
consider alternate coherent risk measures and it is possible to consider metrics with direct fairness interpretations. We highlight that
the proposed framework requires global optimal solutions for the
stakeholder problems and for the CVaR minimization problem. It is

thus necessary to extend the framework to allow for local optimal
solutions and to provide suitable interpretations.
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